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Abstract 
 
This paper describes the use of a Combined Finite-Discrete Element method (FEMDEM) approach to model the porosity 
of sand deposits consisting of angular grains. The aim of this work is to establish the relationships governing the dependency 
of porosity on particle size, shape, and friction coefficient for angular sand grains deposited under gravitational force. The 3D 
FEMDEM code used in this work has the capability to tackle the dynamics of angular-shaped geometries. In FEMDEM, each 
particle is represented by a single discrete element. The interaction and the motion of individual particles are captured using 
the discrete element method. Each discrete element has its own finite element mesh for capturing its deformability. The 
tetrahedron was selected as the simplest angular particle form as all other shapes can easily be viewed as a combination of 
several tetrahedra. Experimental results demonstrated that the friction coefficient and particle geometry significantly affected 
the resulting porosity. In addition, the friction coefficient had greater effect on porosity in tetrahedra packing than that of 
sphere packing. However, these relationships are not straight forward, and it is difficult to develop empirical prediction models 
for particles of arbitrary shapes. We therefore suggest applying the presented FEMDEM framework to construct packs of real 
sand grain shapes and to use both idealised shape and real shape in numerical experiments to further our understanding of 
porosity in deposited and compacted sandstone reservoirs. Alternatively, the packs of real sand grain shapes created using the 
presented framework could directly be used to estimate porosity and permeability using available state of the art techniques. 
 
Introduction 
 
Granular materials are important in petroleum engineering (Buchalter & Bradley, 1994). For example, sandstones, which 
are important reservoir rocks, are formed by the cementation of naturally occurring sediments. One of the most important 
reservoir rock properties is porosity, which is defined as the ratio of the void space in a rock to the bulk volume of the same 
rock. Porosity indicates the storage capacity of potential petroleum hydrocarbon. Energy companies generally apply porosity 
cutoff, which is a minimum porosity value that is chosen to define the lower limit of a productive reservoir rock to determine 
net pay and to estimate reserve. In addition, there is a strong relationship between porosity and permeability, which is another 
important property determining the transmissibility of fluids through the rocks. It is worth mentioning that porosity is also 
widely recognized as an important property in both fundamental physics and engineering applications, such as in civil 
engineering, environmental engineering, powder-scale chemical engineering, and power technology (Latham et al., 2002) 
Porosity is generally obtained either from laboratory measurements or from wire-line logs. In the both cases, at least one 
well must be drilled, and core samples are required for routine core analysis, which can be expensive. Many semianalytical 
and empirical models have been proposed in the past, but they were not valid for particles of arbitrary shapes (Latham et al., 
2002). In practice, petroleum engineers and geologists may have limited access to core sample but have some knowledge of 
the grain shape in the sandstone reservoir, the size, and the deposition process history. For example, Quartz sands, LV60 
(Leavenseat sand, WBBMinerals, UK) and Ottawa F42 (unground silica, US Silica Company) with average size of 250 𝜇𝑚 in 
sieve size were used for the NMR to predict single-phase transport properties (Talabi et al., 2009). Mesh geometry of digitized 
sand aggregates can also be made available through 3D laser scan using the framework presented in (Latham et al., 2008). 
Therefore, it is worthwhile to study the relationship between porosity and the micromechanics of the three main factors, which 
play a major role in the interaction among particles in a large scale (Latham et al., 2001).. 
This paper describes the use of 3D numerical simulation to model the porosity of sand deposits consisting of angular 
grains. Numerical simulations have increasingly supplemented physical experiments in particulates research due to the ability 
to explore each parameter independently (Latham et al., 2002). Some parameters are difficult to control in physical 
experiments (i.e. it is difficult to maintain particle shape while changing size distribution). The use of numerical simulations to 
model the deposition of granular materials has mostly been limited to modelling particles of simple shapes, such as spheres 
and ellipsoids, due to inabilities to capture realistic inter-particle interactions. Moreover, there have also been difficulties in 
representing particles with real shapes, which are non-spherical or of irregular shapes. (Delaney and Cleary 2010) recently 
attempted to apply superquadrics to represent complex-shaped particles. (Garcia et al., 2009b) also introduced an efficient 
method for constructing realistic representations of real-shaped particles as a cluster of overlapping spheres. 
The 3D numerical simulator used in this research is based on the Combined Finite-Discrete Element method (FEMDEM) 
framework, which was initially introduced by A. Munjiza (Munjiza, 1992).  In FEMDEM, each particle is represented by a 
single discrete element. The interaction and the motion of individual particles are captured using the discrete element method. 
In addition, each discrete element is discretised into finite elements; each has its own finite element mesh. The computational 
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mechanics capability FEMDEM has been proven to capture the complex behaviors of particulate systems that require the inter-
particle interactions between complex shapes involving transient dynamics to be modelled. The framework takes into account 
the internal deformations of a particle that are a consequence of stresses generated by the interactions (Guises et al., 2009). 
Distributed contact forces are computed by taking into account the contact geometry using a method that allows the modelling 
of angular particles. Therefore, it is a suitable tool for this research.   
The tetrahedron is chosen as the basic shape and form for the particle in this study not only because of its simplicity, but 
any other shapes can be viewed as a combination of several tetrahedra. Therefore, the method described in this work can be 
extended to cover the packing simulation for many other shapes. To the best of our knowledge, this is the first time FEMDEM 
has been applied to realistically model the packing of angular particles in 3D. Particles considered in this work are well-sorted 
grains (single-sized deposits) to ensure that size distribution is not a factor affecting porosity differences. The aim of this work 
is to establish the relationships governing the dependency of porosity on particle size, shape, and friction coefficient for 
angular sand grains deposited under gravitational force as this has a great influence on the properties of sandstone reservoirs. 
The rest of the paper is organized as follows. First, we provide a background section on some key aspects in particle pack-
ings, which includes discussions on particle shape, the use of numerical simulations to simulate particle packings, and 3D 
representation of aspherical and angular particles. We then briefly introduce the FEMDEM framework and present the 
methodology used to simulate particle deposition under gravity. The results of the “virtual experiments” are reported with a 
detailed discussion. The final sections present recommendations, conclusions and a discussion of future directions to extend 
this work. 
 
Figure 1: Power’s Roundness for the Description of the Particle Shape (Powers, 1953) 
 
Background 
 
This section presents some of the topics that form the background to this research. A discussion on shape descriptors is first 
given as shape is one of the most important parameters influencing porosity. We then look into different approaches to 
simulate particle packings through numerical simulations to allow access to important variables in the models and enable the 
investigation of their effects in isolation. Some variables may not be accessible in experiments or are difficult to control. 
Finally, we review possible approaches in modelling 3D aspherical and angular particles for use in numerical simulations. 
Refer to Appendix A for critical literature review section for a complete list of related works. 
 
Particle Shape Descriptor 
 
It has long been observed that particle shape has a strong influence on porosity (Latham & Munjiza, 2001, Xavier et al., 
2009, Zhang et al., 2001, German, 1989). However, the particle shape, unlike size, is conceptually more difficult to quantify 
and is usually based on empirical descriptors as shown in Figure 1. Particle shape is commonly described into three categories 
related to its morphology (Barrett, 1980, Blott & Pye, 2007): form, roundness, and surface texture as shown in Figure 2. 
Form is used to characterise the overall morphology of a particle. Key descriptors of the form are the aspect ratio 𝛼 = 𝐿/𝑆 
and the flatness index 𝑆𝑓 = 𝐼/𝑆 where L, S, I are the largest (L), shortest (S), and intermediate (I) lengths of the particle 
measured along three orthogonal axes (Blott & Pye, 2007, Barrett, 1980, Cumberland & Crawford, 1987). Sphericity 𝜓 =
𝑆𝑒/𝑆  (Wadell, 1933) can also be used in quantifying the form where 𝑆𝑒 is the surface area of a sphere having the same volume 
of the actual surface area of the particle of interest S. Sphericity is a measure of the degree to which the shape deviates from 
the spherical symmetry and ranges from 1 in perfect sphere reducing to 0 for particles that are more aspherical. 
Roundness (and its opposite: angularity) is an intermediate scale after the form to describe the particle morphology. Two 
particles may have the same form but differ in roundness at a lower scale as shown in Figure 3. The quantification of the 
particle roundness in 3D is subjective as it is generally based on the comparisons using calibrated charts (Powers, 1953, 
Guises, 2008). Attempts in quantifying roundness in 2D have been made in terms of the mean ratio to the maximum curvature 
radius of the particle’s surface features (Santamarina & Cho, 2004).  Sphericity 𝜓 is also susceptible to roundness, which 
makes 𝜓 a hybrid parameter (Garcia et al., 2009b). Figure 3a) represents a perfect sphere (𝜓 = 1) and Figure 3b) shows a  
faceted sphere (𝜓 = 0.91). 
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Figure 2: A) Perfect sphere. Scale of Influence on the Particle Shape in 
B) Form, C) Roundness, and D) Surface Texture (Guises, 2008)  
Figure 3: Particles of similar form with different roundness:  
A) perfect sphere; 𝝍 = 𝟏. B) faceted sphere with a smaller 
roundness due to the corners of the surface with 𝝍 = 𝟎.𝟗𝟓. 
 
      Surface texture, which is the smallest scale to describe the particle morphology, defines the local irregularities and 
asphericities of particle surface in term for the inter-particle contact areas (Blott & Pye, 2007, Barrett, 1980, Cumberland & 
Crawford, 1987, Cho et al., 2006). Statistical measures of the asphericities have been used to characterise surface texture 
(Alshibli & Alsaleh, 2004), as well as the use of fractal analysis of the projected particle outline (Hyslip & Vallejo, 1997). 
 
Numerical Simulation 
 
The use of numerical simulations to simulate particle packings allows researchers to explore the influence of various 
parameters independently. Some parameters, such as the friction coefficient, are also difficult to investigate with physical 
experiments. Another main benefit of using numerical simulations is the potential to model porosity from particles with 
arbitrary shapes whereas the use of many empirical equations obtained from physical experiments were generally specific to 
certain experimental settings. There are essentially two main particle based approaches to numerically simulate particle 
packings: geometric approaches and dynamic approaches.  
Geometric approaches consider only geometrical criteria to position the particles. The main objective of these approaches 
is to create random realistic packs with minimum computational time without considering complex mechanical interactions 
among particles. There are many examples of geometric algorithm. In the sequential method (also known as ballistic 
deposition technique), which was first introduced by (Visscher & Bolsterli, 1972), a particle is placed one at a time one after 
another under the influence of the gravitational forces. The particle rolls over existing particles until it reaches a stable state. 
No dynamic interaction is allowed among particles by ensuring that additional of a new particle does not influence the pre-
existing particles. Refer to (Jullien et al., 1992) for use of the sequential algorithm in particle packings. Conversely, the 
mechanical contraction method (Wouterse et al., 2007) placed all the particles randomly with no overlap in a container with 
periodic boundary conditions. At each time step, the volume of the container is reduced by a small amount, and all particle 
positions are uniformly dilated without changing their orientations. If there is an overlap, the overlap is removed based on the 
predefined rules to readjust the position of the particles. The simulation is stopped when it is no longer possible to remove the 
overlap between particles with a reasonable amount of computational effort. This algorithm is based on the collective method 
(Stoyan, 1998), which relaxes the complex mechanical problems of particle interactions. Monte Carlo based methods have also 
been applied to particle packings (Buchalter & Bradley, 1994). Particles are initially given random displacements, such as in a 
random walk, which are then either accepted or rejected according to prescribed external constraints. 
Geometric approaches encounter difficulties when applied to complex/realistic-shaped particles. The structure produced is 
generally unrepresentative from that of corresponding observed physical environments (Latham & Munjiza, 2001). For 
example, the interlocking between two concave particles is generally not reproduced. Geometric approaches also do not 
consider the amount of stress within particle, which is distributed heterogeneously within the whole system (Guises, 2008).  
Micro-mechanical approaches, on the other hand, consider the dynamic parameters such as the position and the velocities 
of each particle, as well as inter-particle interactions .These parameters are monitored and updated according to the laws of 
mechanics (Garcia et al., 2009b). These approaches can be used to model the behavior of particle packings more realistically 
with more sophisticated contact interaction procedures.  The Discrete Element Method (DEM) and the Combined Finite and 
Discrete Element Method (FEMDEM) are examples of mechanical approaches.  
The Discrete Element Method (DEM) (Cundall & Stack, 1979) has been extensively used in simulating various particulate 
systems for non-angular aspherical particles. DEM is based on Lagrangian approach that each particle is considered as an 
individual object. Particle motion and rotational motion are described by Newton’s second law of motion and by the Euler’s 
equation respectively. Forces acting on each particle are computed. Contact force model is implemented to account for inter-
particle interactions, a momentum exchange, and a transfer of energy from kinetic when the particles move around the system. 
The solution to DEM is computed via the first and second integrals of the motion equations. During one integration cycles, 
DEM evaluates the forces between the particles and updates the positions, velocities, and orientations of the particles. Refer to 
(Zhu et al.) for an excellent overview of DEM in engineering applications to model particulate systems. Major limitation of 
classic DEM is its inability to model the interactions among particles with complex shapes, especially angular particles such as 
the tetrahedra used in this work. 
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Figure 4: Examples of superellipsoids with shape parameter m 
and the aspect ratio (Delaney & Cleary,  2010) 
Figure 5: Digital photograph of a granite aggregate particle with 
different mesh qualities. 
 
The combined Finite-Discrete Element Method (FEMDEM), which is a framework used in this research, was first 
proposed by (Munjiza, 1992). The motion tracking capacity of DEM is integrated with the modelling of stressed and 
deformable solids in the Finite Element Method (FEM). FEMDEM allows the modelling of complex-shaped particles in 
particle packings. Each discrete element is discretised internally into finite elements. Each discrete element has its own finite 
element mesh to analyse deformability. (Latham & Munjiza, 2004) have addressed the validation of a way forward for tackling 
the complexity of realistically-shaped particles through a comparison between real cube-packing experiments and their 
equivalent numerical simulation. The authors went on to point out the need of developing a numerical simulator with 
capability in handling complex geometries; the use of FEMDEM. As a result, researchers have been encouraged to apply 
FEMDEM (Polojarvi & Tuhkuri, 2007) and continue to seek more robust FEMDEM methods (Xiang et al., 2009a). 
 
3D Representation of Aspherical and Angular Particles 
 
The use of numerical simulation to create packs consisting of angular particles has been fairly limited. It is not only due to 
the limitations of existing algorithms to capture the interactions among angular particles, but also the complexity of modelling 
aspherical and angular particles themselves. Recent work by (Delaney & Cleary, 2010) applied superquadrics to represent 
complex-shaped particles of superellipsoids as 
 
(
𝑥
𝑎
)𝑚 + (
𝑦
𝑏
)𝑚 + (
𝑧
𝑐
)𝑚 = 1                                                                                                                                                          (1) 
 
where m is the shape parameters. a, b, and c are the semi-major axis lengths. Examples of their superquadrics with different 
shape parameter m and the aspect ratio 𝛼 are demonstrated in Figure 4. Superquadrics were first introduced by (Williams & 
Pentland, 1992), but have been used with limitations mainly because only symmetric particles could be created. In addition, 
highly angular particle could not be created using superquadrics. Alternatively, (Garcia et al., 2009b) introduced an efficient 
method for constructing realistic representations of real-shaped particles as a cluster of overlapping spheres. Even though the 
proposed method was pushed to the limits of their computational capability, the spectrum of particle shapes that could be 
represented were rather narrow. Specifically, it was impractical for modelling some applications of the particle shape (i.e. 
corners) to represent more angular particles. The most notably work was by (Latham et al., 2008); the work flow that would 
allow the modelling of arbitrary-shaped particles by importing the mesh geometry of digitized rock aggregates obtained 
through 3D laser scan was presented. Figure 5 shows an example of a granite aggregate particle and various degrees of 
triangulated surface mesh coarsening. This angular shape geometry could not possibly be modelled using techniques presented 
in (Garcia et al., 2009b, Delaney & Cleary, 2010). 
 
The Combined Finite-Discrete Element Method (FEMDEM) 
 
In the combined Finite-discrete element method (FEMDEM), each particle is represented by a single discrete element. The 
interaction and the motion of individual particles are captured using the Discrete Element Method. In addition, each discrete 
element is discretised into finite elements with its own finite element mesh. At each time step in the FEMDEM, contact 
detection and contact interaction algorithms are executed. Contact detection algorithm aims at detecting discrete elements that 
are close to each other, i.e. have the potential to contact. Contact interaction algorithm is employed to evaluate the contact 
forces between discrete elements that are in contact.  Each interaction implicates a deformation of the particles. Modelling 
sand deposits is considered a large scale FEMDEM problem involving a large number of finite and discrete elements. 
In this work, an open source version of 3D FEMDEM code, Y3D developed by (Xiang et al., 2009a) was applied. Y3D 
was developed to address two major shortcomings in FEMDEM community: the locking problems and the deformability. Y3D 
utilizes efficient ten-noded quadratic elements developed in a format suitable for FEMDEM. The F-bar approach, in which a 
multicative split of the deformation gradient into deviatoric and volumetric parts is performed (de Souza Neto et al., 2005), is 
applied  to relax volumetric locking.  The detailed technical aspects of FEMDEM and Y3D are out of scope of this paper, and 
the reader is refer to (Munjiza, 2004) and (Xiang et al., 2009a) for its complete description.  
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Figure 6: The ten-noded (quadratic) tetrahedron. Figure 7: Contact interaction between two particles (Guises et al., 
2009) 
In this section, we first discuss the quadratic tetrahedron. The four major stages of FEMDEM, which include contact detection, 
contact interaction, particle deformation, and temporal discretisation, are briefly presented. 
 
The Quadratic Tetrahedron 
 
The 10-node tetrahedron element, shown in Figure 6, can have curved faces and edges. It has four corners (number 1 
through 4). It has six side nodes (number 5 through 10). Nodes number 5,6, and 7 are located on sides 1-2, 2-3, and 3-1. 
Similarly, nodes 8,9, and 10 are located on sides 1-4, 2-4, and 3-4. The isoparametric element definition is 
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       The conventional (non-hierarchical) shape functions are 
 
𝑁1 = 𝜁1(2𝜁1 − 1)     𝑁2 = 𝜁2(2𝜁2 − 1)    𝑁3 = 𝜁3(2𝜁3 − 1)     𝑁4 = 𝜁4(2𝜁4 − 1)                                                                 (3)                                                   
𝑁5 = 4𝜁1𝜁2     𝑁6 = 4𝜁2𝜁3     𝑁7 = 4𝜁3𝜁1     𝑁8 = 4𝜁1𝜁4     𝑁9 = 4𝜁2𝜁4     𝑁10 = 4𝜁3𝜁4                                                         (4) 
𝜁4 = (1 − 𝜁1 − 𝜁2 − 𝜁3)                                                                                                                                                          (5) 
 
where 𝑁𝑎 are shape functions and 𝜁𝑛 are the isoparametric coordinates (∑ 𝑁𝑎 = 1
10
𝑎=1  and ∑ 𝜁𝑛 = 1
4
𝑎=1 ) 
 
Contact Interaction 
 
Contact interaction in FEMDEM defines the constitutive behavior of the system because of the presence of large number of 
separate bodies. The contact force 𝑓𝑐 in FEMDEM can be viewed as the combination of the normal force (𝑓𝑛) and the 
tangential force (𝑓𝑡) (Guises, 2008). 
The normal force takes into account both the amount of penetration between the bodies in interaction and the shape of 
contact area or volume by the use of potential contact force with penalty function method (Munjiza, 2004). When two discrete 
elements are in contact; one element is denoted as the contactor (𝛽𝑐) and the other as the target (𝛽𝑡). In 2D FEMDEM, the 
normal contact force can be implemented as function of the overlapping area of the two elements 𝑆 = 𝛽𝑐 ∩ 𝛽𝑡 bounded by the 
boundary Γ𝛽𝑐∩𝛽𝑡as shown in Figure 7. In 3D FEMDEM, the potential contact force interaction kinematics for discrete elements 
of general shape can be implemented by discretising the domain of each discrete element into finite elements (Munjiza, 2004). 
In the case of ten-noded tetrahedra finite elements, for example, the coordinates of the centroid of the tetrahedron is calculated. 
Therefore, the tetrahedron can be subdivided into sub-tetrahedra. The potential of each point of sub-tetrahedron can be 
calculated, each associated with its volume V and scaled by the penalty number (p) selected to be proportional to the Young’s 
modulus to control the error in the displacements.  Penetration of any elemental area dV of a contactor into the target results in 
an infinitesimal contact force, and the total infinitesimal contact forces given by 
 
𝑑𝑓𝑛 = [∇𝜑𝑐 − ∇𝜑𝑡]𝑑V                                                                                                                                                             (6) 
 
where 𝜑𝑐 is the potential related to the amount of penetration of the contactor into the target (and vice versa for 𝜑𝑡). By 
integrating over the overlap volume, the total contact force exerted by the target onto the contactor can be obtained as 
 
𝑓𝑛 = ∫ [∇𝜑𝑐 − ∇𝜑𝑡]𝑑𝑉=𝛽𝑐∩𝛽𝑡
V                                                                                                                                                  (7) 
 
which can also be written as an integral over the surface S of the overlapping volume  
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𝑓𝑛 = ∫ 𝐧(𝜑𝑐 − 𝜑𝑡)𝑑𝑆𝛽𝑐∩𝛽𝑡
S                                                                                                                                                     (8) 
 
where 𝐧 is the outward unit normal to the surface of the overlapping volume. (Munjiza, 2004) demonstrated that the contact 
force between overlapping discrete elements can be calculated by summation over the surfaces of corresponding finite 
elements that overlap. The contact force is then given by 
 
𝑓𝑛 = ∑ ∑ ∫ 𝐧(𝜑𝑐𝑖 − 𝜑𝑡𝑗)𝑑𝑆𝛽𝑐𝑖∩𝛽𝑡𝑗
𝑚
=1
𝑛
𝑖=1 S                                                                                                                                 (9) 
The index m and n are the total number of finite elements the contactor and target discrete elements are discretised into. 
In FEMDEM, tangential force must also be capture. The frictional component is assessed by measuring the relative 
tangential displacement between a pair of contacting elements that occur at each time step.  Tangential displacement (𝛿𝑥) is 
calculated using time increment method; 𝛿𝑡
𝑡  is used to calculate 𝛿𝑡
𝑡+1. This calculation is the function of the cumulative 
displacement during the whole duration of particle contacts (Guises et al., 2009). The tangential force is re-initialized to 0 once 
the contact is finished. When the particles are in contact, the tangential displacement is summed up. The tangential cumulative 
relative displacement after n+1 iterations can be expressed as: 
 
𝛿𝑡
𝑡+1𝐧𝑡 = (𝛿𝑡
𝑡 + 𝜂𝑣𝑟𝑒𝑙
𝑡 ∆𝑡)𝐧𝑡                                                                                                                                                 (10) 
 
where 𝑣𝑟𝑒𝑙  is a relative velocity of the two elements in contact, and 𝐧𝑡 is the tangential direction to the contact interface. 𝑝 is 
the penalty number used in the calculation of normal contact force, and 𝜂 is the coefficient of viscous dissipation . The total 
tangential force is then computed as: 
 
𝑓𝑡
𝑡𝐧𝑡 = 𝑝𝛿𝑡
𝑡𝐧𝑡                                                                                                                                                                        (11) 
 
For the implementation of the classic coulomb friction model, the contact is static if |𝑓𝑡
𝑡| ≤ 𝜇|𝑓𝑛
𝑡|. The particle slide over each 
other when|𝑓𝑡
𝑡| > 𝜇|𝑓𝑛
𝑡|, and the tangential force is calculated using the total normal elastic contact force 
 
𝑓𝑡
𝑡 = 𝜇𝑓𝑛
𝑡                                                                                                                                                                                 (12) 
 
where 𝜇 is the friction coefficient. Therefore, we get 0 ≤ 𝑓𝑡 ≤ 𝜇𝑓𝑛. The tangential contact force implementation in FEMDEM 
has succesfully been validated in (Xiang et al., 2009b) 
 
Contact Detection 
 
It is essential in FEMDEM to be able to detect all couples of discrete elements that are in contact in CPU and RAM 
efficient manners. The contact detection algorithm used in this work is based on Munjiza-NBS (No binary search). The 
objective of the algorithm is to find all the discrete element couple that are overlap or touch (i.e. the distance between their 
closest point is less than or equal to zero). The system is divided into identical cells large enough to contain the largest discrete 
element. The center of each discrete element is determined, and the coordinates are mapped into each cell in such a way that 
each discrete element is assigned to one and only one cell (Munjiza & Andrews, 1998). Detection of contact is accomplished 
by searching each of the occupied cells against all discrete elements mapped to neighboring cells. The search is performed 
only to neighboring cells at each time step. Linked lists are used in the Munjiza-NBS algorithm, and the total CPU time to 
detect all contacts given by T 𝛼 N where T is the total CPU time and N is the total number of discrete elements. If the number 
of the particles in the system increases by n times, the total CPU time also increases by n times. This is 3.8 time faster than a 
binary search (T 𝛼 Nlog2N) and n times faster than direct checking algorithm (T 𝛼 N
2) (Munjiza & Latham, 2004). 
 
Deformability 
 
The Finite Element Method (FEM) is applied to compute the deformability of discrete elements in the system under the 
contact interaction process by calculating the strain and the stress that occurs in each discrete element.  Frame of references 
concept is introduced to describe the initial configuration frame and the deformed configuration frame of a particular discrete 
element. The relationship between the two frames can be obtained using the deformation gradient. The particles used in this 
research are assumed to be visco-elastic materials. The Cauchy stress, which is used for stressed analysis of deformable 
material, is given by 
 
𝐓 =  
𝜇
𝐽
(𝐁 − 𝐈) +
𝜆
𝐽
(ln 𝐽) 𝐈 + 2𝜂𝐃                                                                                                                                         (13) 
 
where J is the determinant of the deformation gradient (the Jocobian determinant), B is the Cauchy-Green tensor, 𝐷 is the 
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tensor rate of deformation obtained from the velocity gradient, and 𝜂 is the viscous damping coefficient. 𝜇 and 𝜆 are Lame 
constants defined as: 
 
𝜇 =  
𝑌
2(1+𝑣)
                                                                                                                                                                             (14) 
𝜆 =  
𝑣𝑌
(1+𝑣)(1−2𝑣)
                                                                                                                                                                     (15) 
 
where Y is Young’s modulus and v is the Poisson ratio. Therefore, interaction among particles behaves as interaction among 
elastic materials damped proportionally to the rate of deformation (Guises et al., 2009). Note that in our Y3D implementation, 
the F-bar approach is used to relax volumetric locking .The deformation gradient is then modified by being decomposed into 
volumetric and deviatoric components (de Souza Neto et al., 2005). 
 
Temporal Discretisation 
 
In FEMDEM, the contacts between discrete elements together with the deformability of discrete elements can be described 
in terms of nodal forces and nodal displacements (Munjiza, 2004). Therefore, the shape of each discrete element and its 
position in space at a particular time step is given by the current coordinates of the finite element nodes. The motion of each 
element is influenced by the two forces acting on element nodes: internal nodal forces (𝐟𝑖𝑛𝑡) and external normal force (𝐟𝑒𝑥𝑡) 
with 
 
𝐌𝐯 + 𝐟𝑖𝑛𝑡 = 𝐟𝑒𝑥𝑡                                                                                                                                                                   (16) 
 
where M is the mass matrix and v is a nodal velocity vector. The lump mass approach is used in FEMDEM by assuming that 
the mass is lumped into the nodes of the finite element mesh. The temporal evolution of FEMDEM is given through the 
temporal integration of the equation of motion, and numerical integration has been commonly used. In 2D problem, the 
Central Difference (CD) time integration scheme could be applied to update the deformations and the displacements of the 
particles at each time step. In 3D problem, the presence of finite rotations about the centre of mass of the discrete element 
prohibits a simple extension of 2D algorithms into 3D (Munjiza, 2004, Munjiza & Latham, 2004). In this work, a four-point 
Gauss rule is used to solve for  𝐟𝑖𝑛𝑡  and 𝐟𝑒𝑥𝑡 (Xiang et al., 2009a). 
The stability of the scheme can be achieved by ensuring that the time step is lower than a critical value ∆𝑡𝑐 approximated 
in this work by 
 
∆𝑡𝑐 ≤
1
10
√
𝑚
𝑌
                                                                                                                                                                          (17) 
 
where m is the mass of the smallest finite element, and Y is the Young’s modulus. Therefore, the critical time step is controlled 
by the mass and the stiffness of the material of interest (Guises et al., 2009). The accuracy of this integration scheme can also 
be improved by reducing the value of time step. However, the smaller the time step, the more computational resources are 
required. 
 
Experimental Setup 
 
The aim of this work is to establish the relationships between particle size, shape, and friction coefficient on porosity in 
sandstone reservoir through the use of FEMDEM to simulate particles deposited under gravitational force. Tetrahedron was 
selected as a particle form not only because of its simplicity, but any other shapes can be viewed as a combination of several 
tetrahedra (Latham & Munjiza, 2001). Particles considered in this work are well-sorted grains (single-sized deposit) to ensure 
that size distribution is not the factor on porosity differences. In this section, we first discuss some important aspects in finite 
element mesh creation. Then experimental design, including key parameters used in our experiments, is discussed. Finally, the 
calculation of bulk porosity is outlined. 
 
Finite Element Mesh Creation 
 
FEMDEM discretises each discrete element into finite elements.  Finite element mesh is created by decomposing spatially 
the discrete element into a system of ten-noded tetrahedra domain connected along their edges. A set of edge-connected finite 
elements forms an approximation of the desired particle shape. In this work, GiD version 10.1 was used as a tool to create 
finite element mesh. The finer the mesh quality, the more accurate it is for FEMDEM to model the behavior of discrete 
material that can either deform, fracture, or fragment. However, the total computational time in FEMDEM is roughly 
proportional to the total number of finite elements in the system. In addition, the minimum time step required for obtaining 
stable behavior is a function of the size of the smallest finite element as discussed in the previous chapter. It is therefore 
essential to control the mesh quality of the system of interest in order to balance with the required computational time. In this 
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work, each tetrahedron was represented by the simplest form of the finite element mesh: one element with ten nodes to 
optimize the computational time. The choice was validated with the use of the mesh created by 130 elements and 300 nodes, 
and the difference in porosity calculation was statistically indistinguishable.  
 
Experimental Design 
 
The simulation was set up by randomly placing particles inside a container whose walls are slightly deformable. Each 
particle could be deformed under external forces and interaction with other particles, as well as under the interaction with 
container walls. The Shape Library designed by (Latham et al., 2008) provides a suite of shape descriptor calculations for any 
new shape or mesh introduced to the library, as well as storing particles for use in numerical simulations. The shape 
descriptions (i.e. aspect ratio, sphericity etc) were determined using this facility. In this work, the Shape Library was modified 
by adding the functionality to export an input file in the format required by our FEMDEM solver, Y3D. The volume inside a 
container was divided into 3D identical grid cells large enough to contain the largest discrete element. The randomize 
algorithm then determined whether to place each selected particle in a particular cell. Therefore, each cell could either be 
empty or occupied, and there would be no overlap among particles. Based on our algorithm, the fall height of each particle 
varies based on its position in the grid, and the grid spacing itself is scaled linearly with the size of a particle. 
The randomize algorithm was designed to control the initial packing density to be approximately 20 percent. During an 
initial time-step, random velocities in all three directions were assigned to each particle to randomize the system. All particles 
were then allowed to settle under gravity. The total number of particles in this work was 3,000 particles, which was sufficient 
for porosity calculation which takes the wall effects into consideration, as shown in Figure 12 and Figure 13. Refer to 
Appendix B for detailed description of the detailed workflow in creating the Y3D file, as well as the input format required by 
the FEMDEM solver. 
Each node in FEMDEM was assigned a set of material properties defining how the structure reacts to certain conditions. 
The material properties in this work were selected to represent quartz material of sandstone as summarized in Table 1 based on 
test data in (Chang et al., 2006) and (Lama, 1978). Under the influence of the gravity, all particles first settled downwards. 
First, the particles move and are subject to large displacement and rotations over time.  Energy was dissipated via inelastic 
collisions and frictional displacement as they slowly deposited in the bottom of the container. At this state, particle 
displacement is small as particles are under the rearrangement process. The energy dissipation is dominated by the friction 
forces. The system was assumed static when the total kinetic energy became small that the particle dynamic can be negligible. 
This final state of the system was where the porosity was calculated from (Figure 13). 
 
Parameter Value Unit 
Young Modulus (Y) 50 GPa 
Poisson's Ratio (v) 0.2   
Viscous Damping Coefficient (𝜂) 0.2 Pa.S 
Mass Density (M) 2650 kg/m3 
Friction Coefficient (𝜇) 0-1   
 
Table 1: Material properties assigned to each particle  
 
Porosity Calculation 
 
Particles settling near container’s walls are influenced by the wall effects. The influence of the wall effect on porosity 
calculation is a function of particle size and shape.  Therefore, the porosity was computed in a central core of the system by 
omitting a margin of two equivalent particles near the walls in all six directions in order to ensure that particles in the domain 
were statistically meaningful. Refer to (Scott, 1960) on extensive studies in the wall effects on packing density. A large set of 
random points N were sampled in the central core. The porosity was then calculated as the fraction of the total number of 
generated sampling points for which the sampling points occupy void space.  This calculation was repeated for 50 trails to 
compute the mean porosity and the standard deviation. As in every Monte Carlo based method, the accuracy of this calculation 
relies on the number of generated random points. N must be large enough such that the standard deviation of the porosity 
calculation was less than a predefined threshold, which for this work was set at 0.001 on the  porosity scale (i.e. 0.1% 
porosity). This process is illustrated in Figure 8, which determined N to be 100,000 points.  
The porosity calculation program was implemented as a part of this project. The program requires a user input for the 
geometry of the volume domain in which porosity is to be calculated, as well as two input files containing an initial state and 
the final state of the system. N points are chosen at random in the selected volume. Each point is assessed through every single 
element in the system to determine whether the point is inside any of the tetrahedra. For a completed implementation details, 
refer to Appendix C. 
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Figure 8: Porosity as a function of the number of sampling points. The porosity was calculated as the fraction of the sampling points 
contained in the void space to the total number of generated points (N).  This calculation was repeated for 50 trails to compute the 
mean porosity and the standard deviation. In this case, N was selected as 100,000 sample points.  
 
Experimental Results 
 
In this section, we conducted three main experiments to establish the relationships between particle size, shape, and friction 
coefficient on porosity in tetrahedra packings. Particles in all cases were rescaled to have the volume of 5 x 10−1 𝑚3 unless 
otherwise stated, and the total number of particles was 3000. In the first set of experiments, the influence of the friction 
coefficient (μ) was studied by varying μ from 0.1 to 0.6. The results were compared to the packing of spheres. The friction 
coefficient is the dimensionless value that describes the ratio between the forces required to slide the surfaces (tangential 
force) to the force perpendicular to the surfaces (normal force).  Therefore, varying μ for a given depositional process 
simulation is equivalent to varying the amount of energy that is needed to bring about particle rearrangements during the final 
steps of particle packing just before the rest-state is reached. Substituting a higher friction coefficient is therefore equivalent to 
simulating a lower energy depositional environment. For example, sandstone deposited in a loosely-compacted reservoir (low 
pressure) would be simulated better with a high friction coefficient. We then looked at the absolute size effect by comparing 
the porosity of tetrahedra packings in two different absolute sizes. Finally, we studied the effect of particle shape by varying 
the aspect ratio of the tetrahedron from 1 to 3. All tetrahedra were of the same volume. The base triangle of each tetrahedron 
was equilateral, but different heights were allowed. The results were compared to previous work of different shapes. 
 
Influence of the friction coefficient (μ) 
 
 
 
Figure 9: Porosity versus friction coefficient (μ) for spheres and tetrahedra with the aspect ratio of 1. Porosity increases as friction 
increased in both cases. However, friction coefficient had greater influence on tetrahedra than on spheres 
 
Figure 9 demonstrates that the porosity increased as the friction coefficient increased on tetrahedra with the aspect ratio of 
1. As friction was reduced, particle interactions during the deposition were less dissipative. Therefore, more energy of the 
originally available energy was preserved for particle rearrangement. A similar trend was observed in the numerical work on 
spheres simulated using DEM (Garcia, 2010). However, friction had greater impact on porosity in this work with angular 
particles. The porosity increased from 34% for μ = 0.1 up to approximately 46% for μ = 0.6.  The 12% difference was greater 
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than approximately only 4% in the case of spheres. In addition, we could not conclude that the deviation from the spherical 
form always contributes to an increase in the porosity of the resulting pack, which has been mostly reported in earlier work 
through physical experiments (German, 1989, Sukumaran & Ashmawy, 2001). The sphericity of tetrahedra used in this work 
was 0.67, and the porosity was less than that of spheres for low friction coefficient between 0.1 to 0.3.  
The results were interesting; the porosity of tetrahedra packings can either be lower or higher than that of spheres 
depending on the friction coefficient. In the literature, there are many reported exceptions in which aspherical particles can 
lead to denser packs than random spheres. (Aoki & Suzuki, 1971) pointed on that the deviation from a perfect sphere could 
contribute to lower porosity having constructed packs that were vibrated to achieve a maximum compaction while using 
smooth particles of wood. The vibration was an analogue of having high energy for particle rearrangement. Zou & Yu (1996) 
and Yu & Standish (1993) also reported the possibility of aspherical particles achieving lower porosity in the packing 
compared to that of spheres. The final results they suggested would depend on the construction method and the geometry of 
particles. Empirical relations based on the experimental data compiled were proposed.  
In addition, there has recently been a surge of interest in determining the range of porosity in tetrahedra packings. 
Tetrahedra differ from most previously studied objects (spheres and ellipsoids) as they have flat faces, sharp edges and 
vertices. The angle between adjacent faces at approximately 70 degrees is highly frustrating for space filling and quickly 
destroys both translational and orientation order (Jaoshvili et al., 2010). In low friction, sufficient energy in the rearrangement 
phase may be sufficient for tetrahedra to move into their preferred positions to achieve dense packing. Recent work Chen 
(2008) was first to state that tetrahedra could pack more densely than spheres simply attributed to the geometry of the particles. 
Different porosity ranges from 22% to 64% were reported (Jaoshvili et al., 2010, Chen, 2008, Conway & Torquato, 2006). In 
our high frictional systems, particle movement became more limited giving them less freedom to readjust their positions. It 
was observed that tetrahedra were ended up in what appear to be their random positions with minimal rearrangement, and their 
packings were “more random” than sphere packing. More detailed study is required to better understand these scenarios 
possibly by looking at an average coordination number, and their contact behaviors (face to face contacts face to edge contacts, 
point to edge contacts, and point to point contacts). The preferential alignment mentioned later in this paper could also be used 
for further investigation to understand the packing behavior of tetrahedra. 
 
Influence of absolute particle size 
 
a  
 
Figure 10: Porosity versus the friction coefficient (μ) for the pack of tetrahedra having the volume of 5 x 𝟏𝟎−𝟏 𝒎𝟐 and for the pack 
tetrahedra having the volume of 2.5 x 𝟏𝟎−𝟏 𝒎𝟐. The difference only showed in the system with the friction coefficient of 0.1 and 0.2 
where the pack of larger tetrahedra had lower porosity. 
 
In theory, the settling motion under gravity of larger particles applies more energy per unit volume than that of smaller 
particles under the equivalent fall height. This energy is used to geometrically rearrange particles resulting in a pack with 
lower porosity. This energy would play a less important role if there is a lot of friction to overcome.  
Figure 10 shows that the differences in porosity calculation were statistically significant only in the systems with the 
friction coefficient of 0.1 and 0.2. In these cases, the larger tetrahedra resulted in packs with lower porosity as would be 
expected. However, this was not the case for higher friction coefficients; no difference was observed. We conclude that the 
small difference in size of our two cases is not sufficient to examine size effect in detail (an order of two in volume difference 
is approximately an order of 1.3 in size difference). This small difference is offset by the domination of the friction.  
Moreover, we expect that the particle size would significantly affect porosity when it is very small (i.e. less than a 
millimeter) due to the increasing dominance of weak attractive force. Van der Waals force, which includes attractions between 
atoms, is an example of the weak attractive force. It was reported that an initial porosity of 40% for monosized particles of 
0.1millimetre in diameter could be expected to increase to 80% for sizes of 1 micrometer (Allen et al., 1999) (Latham et al., 
2002) due to the attractive force dominating over gravitational forces.  
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Influence of particle geometry 
 
 
 
Figure 11: Porosity versus aspect ratio for systems with high friction (𝝁=0.6) and low friction (𝝁=0.1). For high friction, Pack of 
tetrahedra with the unity aspect ratio had the lowest porosity. Porosity increased as aspect ratio increased. For low friction, the 
lowest porosity was obtained with the aspect ratio of 1.5. Porosity then slightly increased as aspect ratio increased. However, the 
porosity was still less than that of tetrahedra pack with the unity aspect ratio. The results coincided with previous work on particles 
with different shapes. 
 
Our experimental results with low frictional force (𝜇 = 0.1) in Figure 11 coincide with results from frictionless systems 
using the mechanical contraction method from (Donev et al., 2004, Wouterse et al., 2007) for spheres and ellipsoids, as well as 
with results from DEM simulation in (Delaney & Cleary, 2010) for superellipsoids with shape parameter (m) of 2 and 3 as 
shown in Figure 4. Similar trend was also observed in (Garcia, 2010) on spheres and ellipsoids with the friction coefficient of 
0.05 also simulated through DEM. 
The setting under minimum frictional force allows particles to rotate freely with minimal restriction. It was observed from 
our simulations that the more elongated the particles, the more likely they could end up lying with their long axis 
perpendicular to the gravitational force (lying parallel to the plane XY). This preferential alignment was quantified via the 
well-known nematic order parameter 𝜈 (Buchalter & Bradley, 1994, Zhang et al., 2006, Coelho et al., 1997) ranging from 0 to 
1. 𝜈 = 1 when all particles lie in the XY plane, and 𝜈 = 0 when they are completely random in their orientation. In our 
experiments,  𝜈 increased as 𝛼 increased from 1 to 3, which is clearly indicative of an alignment effect. Moreover, the porosity 
of more elongated tetrahedral packs was less than that of tetrahedral packs with unity aspect ratio. Therefore, we could 
conclude that the preferential alignment alone contributes to a low porosity pack. Similar conclusions were made in (Garcia, 
2010, Wouterse et al., 2007, Williams & Philipse, 2003).  
However, the porosity slightly increased as the aspect ratio increased from 𝛼 = 1.5 to 𝛼 = 3, which contradicts the 
aforementioned statement. (Donev et al., 2004) suggested that this scenario could be due to volume exclusion effects. For 
particles with large aspect ratio, the exclusion-volume effect starts to dominate where it is not possible for particles to align 
themselves due to entanglement and jamming resulting in an increase in porosity. (Wouterse et al., 2007) also explained this 
scenario by claiming that the tendency to form an ordered structure for elongated particles with large aspect ratios is sensitive 
to the chosen simulation parameters. In other words, more elongated particles may require reorientation by further external 
forces if they are to achieve the higher densities that are possible. Therefore, it can be concluded that the settling under gravity 
led to oriented structures for elongated tetrahedra. However, the preferential alignment was offset by the geometry of the 
particles for tetrahedra with 𝛼 > 1.5 as the porosity increased while the aspect ratio increased. In addition, tetrahedra with 𝛼 = 
1.5 was where the effect of preferential alighment dominated and was the aspect ratio that resulted in the densest pack. 
Our experimental results with high friction coefficient (𝜇 = 0.6) in Figure 11 demonstrates that friction was a dominant 
variable, which has controlled and limited movements and rotations of the particles. The higher the friction, the less energy 
was available for particle rearrangement leaving them in more random positions resulting in higher porosity. The effect of 
particle geometry and the preferential alignment, which were observed in the low friction regimes, were offset by the frictional 
forces; the porosity increased as the aspect ratio increased. It was also observed that the higher the friction, the smaller the 
preferential alignment was (at a given 𝛼). As a result, the higher friction made it even more difficult for more elongated 
tetrahedra to achieve the preferential alignment. Similar trend was observed by (Garcia, 2010) in the packing of spheres and 
ellipsoids. 
To summarize these simulation results, the porosity first decreased sharply as the aspect ratio increased from 𝛼 = 1 
to 𝛼 = 1.5, but increased gradually as the aspect ratio increased from 𝛼 = 1.5 to 𝛼 = 3 for the low friction regimes. For the 
high friction regimes, porosity always increased as the aspect ratio increased. Therefore, porosity of granular materials should 
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not be determined only from a single variable. The dynamics, energy input, assumptions involved in the construction process 
(e.g. frictional forces), the preferential orientation, and geometric properties should all be considered. A more detailed 
investigation is required to determine the porosity when 𝛼 further increases. It has been reported that porosity always increases 
as 𝛼 further increases (Donev et al., 2004, Wouterse et al., 2007). Table 2 provides a summary of our experimental results. 
 
Experimental case Dominant Variable Notes 
Exp1: Friction coefficient (μ) Friction coefficient (𝜇) Porosity increased as μ increased 
Exp 2: Absolute size None In this work, insufficient size range was 
investigated 
Exp 3: Particle geometry - Low 
Friction (α from 1 to 3) 
- Preferential orientation (𝜈) 
- Particle geometry 
- 𝜈 increased as α increased 
- However, the effect of preferential 
alignment was offset by the geometry of 
the particles for tetrahedra with 𝛼 > 1.5 as 
the porosity gradually increased while the 
aspect ratio increased 
- The packing of tetrahedra with  𝛼 = 1.5 
resulted in the lowest porosity pack 
Exp 3: Particle Geometry - High 
Friction 
Friction coefficient (𝜇) -Porosity increased as 𝛼 increased and 𝜇 
is a dominating variable 
-Frictional force hindered particle 
movements making them more difficult to 
pack in their preferential alignment 
 
Table 2: Summary of dominated variables on porosity 
 
Conclusion 
 
In this dissertation, we described the use of a Combined Finite-Discrete Element method (FEMDEM) approach to model the 
porosity of sand deposits consisting of angular grains. The tetrahedron was selected as a particle form and shape because any 
other polyhedral or angular faceted shapes can be viewed as a combination of several tetrahedra. Therefore, the method 
described in this work could be extended to cover the packing simulation for other angular shapes. Main conclusions obtained 
from this work are as follows: 
1) The friction coefficient had greater effect on porosity in tetrahedra packing than that of sphere packing  
2)  The porosity of tetrahedra packings could either be lower or higher than that of spheres depending on the friction 
coefficient 
3) Absolute particle size only had a small effect on porosity for the sizes studied. An insufficient size range (a factor of 2 
in particle volume) was investigated  so it is not possible to confirm this as a generally applicable conclusion 
4) The porosity increased as the aspect ratio increased from 𝛼 = 1.5 to 𝛼 = 3 in all cases 
5) In low friction regimes, the packing of tetrahedra with  𝛼 = 1.5 resulted in the lowest porosity pack. This is suggested 
to be due to this geometry having superior packing potential than equilateral tetrahedra 
We have discovered from our experimental results that porosity of tetrahedra packings depended on the geometric variables, 
as well as local interaction variables, such as friction. Their relationships were not straightforward. In addition, tetrahedra 
differ from most previously studied objects (i.e. spheres and ellipsoids) as they have flat faces, sharp edges and vertices. Their 
packing behaviors are expected to be different from rounded and nearly spherical particles, as well as particles with arbitrary 
shapes. For example, the packings of Delaney & Cleary (2010) with large shape factor (i.e. m=5) resulted in a very different 
packing behavior compared to results in Figure 10, and Garcia (2010) discovered that only sphericity alone could be used to 
predict porosity when simulating the packing of real rounded grains. He, however, suggested that the sphericity alone would 
not be sufficient for porosity prediction of angular particles. Our experimental results supported this conclusion. The effect of 
absolute size could also be significant if we considered real sand size. There are also other factors, such as polydispersity, that 
will undoubtedly affect the final porosity that were not considered in this work. For these reasons, it is difficult to propose 
empirical equations that can predict the packing porosity. To date, there is no such equation for particles with arbitrary shapes 
that could be applied to a range of depositional processes. 
 
Future Work and Recommendation 
 
The use of FEMDEM to model the deposition of angular particles has provided possibilities for future research venues that 
we are interested in as follows:  First, we are interested in extending the use of the tetrahedron as a particle form to the 
modelling of particles of arbitrary shapes. This is possible by following the workflow presented in (Latham et al., 2008); 
micro-CT scan could be used to capture realistic sand aggregate geometries from which a finite element mesh could be 
created. By doing so, we could use both idealised shape and real shape in numerical experiments to further our understanding 
of porosity in deposited and compacted sandstone reservoirs. Second, modelling the effect of particle shape on the hydraulic 
permeability assembling of particle with realistic shapes would be of great significant.  In this case, interactions between solid 
particles and interstitial fluid phase (liquid or gaseous) could be modelled by simulating fluid flow in the resulting packs 
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generated from the FEMDEM framework. To date, direct simulation of flow has used models of porous media derived from 
sphere packs to predict permeability (Garcia et al, 2009b).  
From a petroleum engineering point of view, it is sufficient to use this FEMDEM framework to construct a pack of real 
sand deposited of arbitrary and/or realistic size and shapes (i.e. Quartz sands LV60 or Ottawa F42). Porosity and permeability 
can then directly be estimated. Porosity can be computed using the porosity algorithm presented in this paper. The solid 
skeletons simulated from the FEMDEM framework could be converted to voxel like representations such as 2D images and 
3D CT-scans, which can be used to compute permeability. For example, (Lock et al, 2002) predicted the permeability of 
sandstone based on two-dimensional image analysis of its pore structure. Techniques used at the Imperial College Consortium 
on Pore-scale Modelling
1
 can also be used to extract network models from 3D images to predict permeability. See (Dong & 
Blunt, 2009) as an example. The Finite Element Method has also been applied to predict permeability by solving a discretised 
version of the fluid mechanics equations (Garcia et al, 2009a). 
We have also observed that the friction coefficient plays a major role in porosity and is therefore an important parameter. 
This coefficient must be measured experimentally and cannot be found through calculations. In order to obtain the friction 
coefficient, petroleum engineers could perform reverse engineering; given sand aggregate geometries of known porosity, our 
FEMDEM framework could be used to determine a corresponding friction coefficient. Alternatively, the friction coefficient 
can be considered as “a proxy” for depositional energy or compaction energy. For example, deep water oil reservoir could 
correspond to a lower friction coefficient compared to a shallower reservoir as the lower friction coefficient implies higher 
energy for grain rearrangements. The reservoir pressure and temperature is also expected to influence how particles interact. 
Third, parallelization of the Y3D program would allow the simulations of larger problems involving a larger number of 
realistic sand size particles. In this work, we were mostly limited to the use of larger grain size than what we would have 
preferred in order to minimize the computation resources. The stability of FEMDEM depends on the choice of critical time 
step, which in turn is a function of the smallest finite elements. Fourth, we are interested in extending our framework to study 
the effect of polydispersity on porosity of realistic-shaped particles. Sand grains in sandstone reservoirs are obviously not 
perfectly-sorted. It is known that well-sorted particles have higher porosity than similarly sized poorly sorted ones as smaller 
particles would fill in the gaps between larger particles. It would be interesting to see whether the binary mixture diagram 
obtained from our framework would match available empirical equations in the literature, such as (Yu & Standish, 1993) and 
(Zou & Yu, 1996). 
 
Figure 12: Construction of 3000 particles contained within a close domain constituting the boundary of the system A) Plane ZX B) 
Plane YX C) Isometric view D) Plane XY 
                                                          
1
 http://www3.imperial.ac.uk/earthscienceandengineering/research/perm/porescalemodelling 
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Figure 13: Depositional sequence of tetrahedra of unity aspect ratio with the friction coefficient of 0.3. The color scheme indicates the 
magnitude of velocity of each particle. The system is assumed static when the total kinetic energy became smaller than a minimum 
threshold for which the particle dynamic can be negligible. In other words, it is when the velocity of each particle is near zero. Each 
frame represents 1 second of real time. 
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